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Sears Function and Lifting Surface Theory
for Harmonic Gust Fields

Josepr P. GiesiNg,* WirLiam P. RoDDEN, T AND BERNHARD STAHLE
McDonnell Douglas Corporation, Douglas Aircraft Company, Long Beach, Calif.

Sears’ function for the lift on a two-dimensional airfoil induced by a harmonic gust field
in an incompressible flow is reviewed. It is observed that a much simpler function can be
defined by a transformation of the gust reference point from the airfoil midchord to its lead-
ing edge. The simplicity of the modified Sears function permits accurate interpolation for
the large number of reduced frequencies required in a gust frequency response analysis. Ap-
proximations to the modified Sears function are discussed for use in preliminary analysis.
The form of the transformation appropriate for interpolation of gust loads obtained from
lifting surface theory for finite aspect ratio wings is then discussed. Both one- and two-
dimensional gust fields are considered. It is shown by example calculations for compressible
subsonic flow that the transformation required by lifting surface theory is analogous to that
required by the two-dimensional incompressible case. It is concluded that the computa-
tional savings permitted by interpolation makes lifting surface methods economical for gust
frequency response analysis. It is also concluded that the Doublet Lattice Method for sub-
sonic flows has the versatility required for load calculations for both one- and two-dimen-
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sional gust fields.

Nomenclature

a = (1 + kz2)ie

b = semichord; b, is reference value

¢; = section lift coefficient; ¢,” is transformed value; Ac/
is the transformed lift coeflicient for a narrow gust on
a single strip

¢ = section moment coefficient; ¢’ is transformed value

¢n = coefficient in n-term exponential approximation to
Kissner function

H{k) = modified Sears function

k = reduced frequency, &k = wb/V; k. is reference value
based on b,; kr is value based on scale of turbulence

L = scale of turbulence

S = power spectral density; subscripts 1 and 2 denote
values for one- and two-dimensional gust fields,
respectively

t = time

V= freestream velocity

T = streamwise coordinate; x4 is gust reference point in two-

dimensional case; x, is gust reference station in lifting
surface analysis; zy; is coordinate of the leading edge
of the ¢th strip centerline

vn = coefficient in exponent of m-~term approximation to
Kiissner function

nEp = spanwise, chordwise, and radial separation distances,
respectively, of cross-correlated points

6 = phase angle

A = harmonic gust wavelength

®(k) = generalized Sears function

o(k) = Sears function

(o) = Kissner function

o = dimensionless time (or distance), ¢ = Vi/b; o, denotes
standard deviation of gust vertical velocity

w = angular frequency
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Introduction

TMOSPHERIC gusts determine certain design require-
ments for aircraft structural strength and fatigue life.
Design for both structural strength and fatigue life of an air-
craft requires consideration of the random nature of at-
mospheric turbulence. The loading aspects are determined
by power spectral density (PSD) methods whose basic in-
gredient is the frequency response characteristics of the air-
craft in a harmonic gust field. The computation of response
power spectra requires that the frequency response be found
for a large number of gust wave lengths, say, 100. The
aerodynamic loads for the frequency response analysis in-
clude those arising from the harmonic gust field and those
resulting from the motion of the aircraft.

Early applications of PSD methods to subsonic aircraft
assumed that strip theory was a valid approximation for
three-dimensional lifting surfaces. Then, neglecting the
effects of compressibility, the aerodynamic loads were ob-
tained from Sears’ solution! for the harmonic gust field and
from Theodorsen’s solution? for the response motion. Re-
cent advances in subsonic oscillatory lifting surface theory®*
now permit a rigorous analysis of finite span and compressibil-
ity effects so that the traditional incompressible strip theory
may be relegated to the status of a preliminary design method.

Naturally, the increased accuracy of the lifting surface
methods is accompanied by a corresponding increase in com-
puting costs. The requirement for analysis of so large a
number of wave lengths (or reduced frequencies) would
appear to make the use of lifting surface methods an ex-
orbitant luxury were it not for the possibility of interpola-
tion. The aerodynamic loads for motion are smoothly
varying functions of reduced frequency and parabolic inter-
polation is adequate so that, e.g., 100 aerodynamic matrices
for motion required for 100 frequency responses might be
obtained by interpolating for 90 matrices among a set of 10
obtained in a direct calculation. Unfortunately, the gust
loads are rapidly varying functions of reduced frequency and
do not lend themselves to simple interpolation. However, a
review of the two-dimensional Sears solution suggests a trans-
formation that can be applied to three-dimensional lifting
surface results to permit easy and accurate interpolation.
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Review of Sears’ Solution

The vector diagram of the Sears function, denoted by
o(k) where k is the reduced frequency, is shown in Fig. 1.
It is seen to be intricate in appearance especially at high fre-
quency where it spirals about the origin. The amplitude of
the spiral eventually decreases to zero, while the phase angle
increases without limit as k& approaches infinity. Three-
dimensional lifting surface theory produces similar compli-
cated vector diagrams for the lift at various stations across
the wing span. In terms of wave length \, the reduced fre-
quency is given by k = 27b/\ where w is the frequency, V
is the velocity, and b is the semichord. The intricacy of
¢(k) will be seen to be a result of the coordinate system
chosen by Sears, ie., with the origin at midchord. The
significance of the origin is that it is the reference point at
which the gust velocity has zero phase angle. If we choose
an arbitrary reference point at z, (positive downstream) then
the lift on the airfoil is determined by the function

k) = ok) exp(ikazo/b) (1)

An appropriate choice for x, may be found by considering
the asymptotic behavior of ¢(k) at high k. From the limit-
ing values of the Bessel functions with which (k) is ex-
pressed, we find

klim o(ky = 2rk)~ Y2 explitk — w/4)] (2)

1t is immediately evident that the phase angle of ®(k) may
be made to approach the definite limit of —/4 if z; is chosen

at the airfoil leading edge, i.e., at 2, = —b. We, therefore,
define a modified Sears gust function as
H(k) = o(k) exp(—ik) 3)

This function is also shown in Fig. 1 and is seen to have some
similarity to the Theodorsen function. The modified Sears
function may also be obtained from a Fourier transformation
of the Kiissner function® because Kiissner chose the leading
edge of the airfoil as the reference point for gust penetration.

Approximations to the Modified Sears Function

As we have noted, frequency response analysis for pre-
liminary design purposes will continue to utilize incom-
pressible strip theory so approximations to H(k) are still
useful.  Letting

H{ky = [H (k)| explif(k)] 4

we note that Liepmann® has suggested an approximation for
the magnitude

L] =~ (1 + 2mk) =42 (5)
and Fung? (p. 411) has suggested
|HE)| =~ {la + k]/la + (ra + Dk + 27k2]}V2  (6)
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Fig. 1 The Sears function ¢(k) and the modified Sears
function H(k).
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Fig. 2 The phase angle of the modified Sears function.

where ¢ = 0.1811. A useful approximation for the phase
angle has been found by the authors to be

0(k) =~ —(w/4)(27k)/(1 + 2xk) @)

A comparison of Eq. (7) to the exact value is shown in Fig. 2.
The approximation is seen to be accurate over a large range
of reduced frequency.

The Fourier transform relationship between the modified
Sears function and the Kiissner function suggests another
approximation. A number of exponential approximations
to the Kiissner function have been derived in the form

Y(o) = 1 — Zcn exp(—ya0) ®)
where ¢ = Vi/b. The Fourier transformation leads to
Hk) =1~ Zeo/(1 ~ iya/k) 9)

R. T. Jones® has obtained a three term exponential approxi-
mation with the constants ¢; = 0.236, v = 0.058, ¢, = 0.513,
v2 = 0.364, c; = 0.171, and y; = 2.42, while Sears and Sparks®
have obtained a less accurate two term approximation with
the constants ¢; = ¢, = 0.500, y; = 0.13, and . = 1.00.

Applications to Lifting Surface Theory

In random gust response analysis, a common engineering
practice is to assume a one-dimensional (streamwise) gust
field. 1If the gust field is assumed to be homogeneous and
isotropic the PSD is'®

Su(w) = [o’L(1 + 3k))/[2r(1 + k12)?] (10)

where ¢,2 is the variance of the gust vertical velocity, L is the
scale of turbulence and kz = wL/V is the reduced frequency
based on the scale of turbulence. The input PSD and the
frequency responses of, say, a number of stresses caused by
the harmonic gust field determine the PSD’s of the stresses.

For the case of the one-dimensional gust, the loads calcu-
lated from lifting surface theory can be transformed for inter-
polation in a manner similar to that described for the Sears
function. The 1ift and moment on each streamwise ele-
mental strip at stations along the surface span (obtained
from u lifting surface calculation such as the Doublet Lattice
Method*11) are transformed by shifting the gust field refer-
ence point from the original location x,, say at the apex of the
wing, to the leading edge of the streamwise strip. The
transformed lift and moment coefficients for the ¢th strip are

e’ = en explik(zy — 2,)/b:] (11)
' 2,)/br] (12)

where k. is the reference reduced frequency of the (tapered)
wing, b, is the reference semichord, z;, is the streamwise co-
ordinate of the leading edge of the 7th strip centerline (cor-
responding to s = —b in the Sears function study), and z,
is the original gust field reference station. A similar trans-
formation applies to the moment distribution. The moment
was not considered in two-dimensional incompressible flow
since the lift always acts at the one-quarter chord point in
that case.

Cm; €xp ik (21, —
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After transforming the loads on each strip for all reduced
frequencies, the interpolation may be carried out for all the
additional required frequencies. Transforming the inter-
polated values back to the original gust field reference station
by inverting Eqs. (11) and (12) provides the final form of gust
aerodynamic loads for the frequency response analysis.

This transformation procedure was applied to a typical jet
transport wing having an aspect ratio of 8.0, a quarter-chord
sweep angle of 30°, and a taper ratio of 0.25. Two Mach
numbers were considered: M = 0.0 and 0.8. The harmonic
gust lift coefficients were obtained from the Doublet Lattice
Method! for both Mach numbers and results for three span-
wise stations (at the fractional location 0.0875, 0.565, and
0.990 of the wing semispan, respectively) are presented.
The transformed lift coefficients are shown in Fig. 3§ as
functions of reduced frequency based on the respective local
chords and are normalized by their corresponding local
steady-state values for comparison with the modified Sears
function, H(k). The transformed moment coefficients
have not been shown but they exhibit essentially the same
behavior. The comparison indicates that the transformation
does indeed produce easily interpolated functions from lifting
surface calculations and that, on a normalized basis, the
transformed Sears function provides useful approximations of
these results.

The foregoing assumption of a one-dimensional gust field
injthe streamwise direction is justified if the wing span is small
relative to the atmospheric seale of turbulence, i.e., if the
cross-PSD is essentially constant across the span. Lin'?
[Eq. (8A)] has given an expression for the cross-PSD of a
homogeneous, isotropic, two-dimensional (axially symmetric)
gust field. The expression can be generalized by replacing
7, the spanwise separation distance, by p, the radial separation
distance, and simplified to read

I CO N PP ) ap) _ fap\* . fap
Salen) = 17 g [% <L>K‘<L> </> [“2<L>]
(13)

where k. is the reduced frequency based on the scale of
turbulence L, ¢ = 1 4+ k2, and the K, are the modified
Bessel functions of the second kind. Lin’s expression con-
tains a factor exp(—1k£/b), where £ is the streamwise separa-
tion distance, that is not shown in Eq. (13) because it has
been accounted for in the assumption of a harmonic gust over
the wing chord. The ratio of the cross-PSD to auto-PSD,
S,/81, becomes a measure of the difference between the one-

§ Note the two scales for the reduced frequency to cover the
complete range: 0 <k < 0.5and 2.0 > 1/k > 0.
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dimensional and the two-dimensional idealization of the gust
field; the ratio is plotted in Fig. 4 as a function of p/L and
kz.

For the two-dimensional gust field, the frequency responses
must be determined for narrow harmonic gusts traveling
over each wing strip independently. The Doublet Lattice
Method has the capability for this calculation. In the
method, the wing is divided into streamwise strips of arbi-
trary width, and each strip is subdivided into a mumber of
chordwise boxes of equal or smoothly varying chord lengths.
The downwash at the control point of each box may be speci-
fied independent of all other boxes. It may also be specified
on all boxes on a single strip independent of the other strips.
A third alternative is to specify the downwash over the entire
surface as was done for the one-dimensional gust. For the
two-dimensional gust field, the harmonic streamwise variation
in the downwash is specified on all boxes on a single strip.
The incremental lifts and moments on all strips caused by
gusts travelling over all strips may be summarized in a square
matrix. (They may be summarized in a column matrix for
the one-dimensional gust.) The transformation needed for
interpolation is carried out as before for each element of the
matrix. That is, the transformed incremental lift and mo-
ment coefficients for the ith strip for a gust on the jth strip
are

Aclii’
Aty = Aty explik.(xy,, —

z,)/bc] (14)
o) /br] (15)

This transformation procedure was also applied to the
typical jet transport wing considered before. The detailed
spanwise division of the wing into strips is shown in the upper
half of Fig. 5. Asan example of the use of the transformation
given by Eq. (14), a gust is allowed to travel over the second
wing strip § = 2. The frequency response of the local incre-
mental lift coefficient for various spanwise stations is given in
the lower half of Fig. 5. The locations of the five spanwise
stations considered (7 = 2,3,4,7,14) are the fractional loca-
tions 0.0875, 0.170, 0.265, 0.565, and 0.990 of the semispan,
respectively. The normalization factor in this case is the
same as that used in Fig. 3, i.e., the steady local lift-curve-
slope. Using the same normalization parameter allows one
to judge the effectiveness of allowing a gust to travel over
just one strip as opposed to all strips (one-dimensional gust).
Note that Acy,” (the incremental lift on strip 2 due to a gust
impinging on strip 2) is 30% of the value obtained for the
case of a gust impinging on all strips at once for & = 0.

Figure 5 shows that the transformation given in Eq. (14)
reduces the frequency response to smooth, simple curves
even for the off-diagonal terms (Ac;;’ for ¢ = 7). Application
of the transformation to other columns of the Acy’ matrix
(the case where a gust is allowed to impinge on all other
strips) shows results similar to those presented in Fig. 5.
The only substantial differences that oceur are in the size
of the off-diagonal terms in relation to the diagonal terms.
For instance, when the gust travels over a strip of small sur-

Acy; explik,(x,; —
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Fig. 4 Ratio of cross-PSD to auto-PSD for homogeneous
isotropic turbulence.
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Fig. 5 Transformed lift coefficients at various wing sta-
tions due to a gust striking the second wing strip.

face area (e.g., near the wing tip) the effect of this gust
diminishes very rapidly in the spanwise direction and renders
the off-diagonal terms very small.

Concluding Remarks

The transformation suggested by the review of the Sears
function has been shown to yvield loads on finite aspect ratio
wings that can reliably be interpolated for both one- and
two-dimensional gust fields. The computational savings
permitted by the interpolation shows that lifting surface
methods can be utilized economically in gust frequency re-
sponse analysis. The Doublet Lattice Method has also been
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demonstrated to have the versatility required for load deter-
mination in both one- and two-dimensional gust fields at
subsonic speeds.

Although current engineering practice generally assumes
a one-dimensional gust field, Fig. 4 suggests that the assump-
tion may be overly conservative on very large aircraft. The
degree of conservatism remains to be seen.
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